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Practice Problems 6 : Differentiability and Rolle’s theorem

. Which of the following functions are differentiable at x =0 ?

(a) f(z) =25,
(b) f(x) = 22 for rational = and f(z) = 0 for irrational z.
(c) f(x) = zsinzcosi for z # 0 and f(0) = 0.

. Give an example of a function f: R — R which is differentiable only at = = 1.

. Let f: R — R be differentiable at x¢ € R.

(a) If f(zo) # 0, show that |f]| is also differentiable at xg.
(b) If f(z¢) =0, give examples to show that |f| may or may not be differentiable at x.

. Let f,g : R — R be differentiable at xy € R. Define h(z) = maz{f(z),g(z)} V = € R.

Show that h is differentiable at z¢ if f(zo) # g(xo).

. Let f: R — R be differentiable at z = 1, f(1) = 1 and k € N. Show that

limp oot (F(L+ 1)+ F(1+ 2) 4o+ F(L+ E) — k) = HER g1,

. Let f:[0,1] — R be differentiable and f(0) = 0 and f(1) = 1. Show that the equation

f'(x) = 2z has a solution on (0,1).

Find the number of real solutions of the following equations.
(a) 22 — cos’x +/T =0
(b) 27 —e™® + 5z + cosz =0
(c) 218 + e + 522 — 2cosz = 0.

. Let f:[a,b] — R be such that f”'(x) exists for all z € [a,b]. Suppose that f(a) = f(b) =

f'(a) = f'(b) = 0. Show that the equation f”’(x) = 0 has a solution.

. Let a1, a9, ..., ay be real numbers such that a; +as+...+a, = 0. Show that the polynomial

q(x) = a1 + 2asx + 3azz? + ... + na,z™ ! has at least one real root.

Let f,g : R — R be differentiable functions. Suppose that f'(z)g(z) # f(z)g'(x) for any
x € R. Show that between any two real solutions of f(z) = 0, there is at least one real
solution of g(z) = 0.

Let f : [0,1] — R be differentiable function such that f(0) = 0 and f(z) > 0 for all
€ (0,1]. Show that there exists ¢ € (0,1) such that f-o) _ 2£(c)

f=o) fle) -
Let P(x) be a polynomial of degree n,n > 1 and P(xg) = 0 for some zo € R.

(a) Show that P(x) = (z — x9)Q(x) where Q(x) is a polynomial of degree n — 1.
(b) Show that P'(zo) = 0 if and only if P(z) = (x —x0)?R(z) where R(z) is a polynomial
of degree n — 2.

(c¢) Show that if all roots of P(x) are real then all roots of P’'(z) are also real.

(*) Let f:(0,00) — R satisfy f(xy) = f(z)+ f(y) for all z,y € (0,00). Suppose that f is
differentiable at z = 1. Show that f is differentiable at every = € (0,00) and f'(z) = 1 f/(1)
for every x € (0, 00).
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Hints/Solutions

1
(a) Note that lim,_,q x;:()o does not exist.

(b) Observe that

%‘ < |z| — 0 as * — 0. Therefore f is differentiable at x = 0.

zsinxcos%

(c) Since < |sinz| — 0, as © — 0, f is differentiable at x = 0.

Define f(z) = (z — 1)? for rational = and f(z) = 0 for irrational x.

(a) If f(zo) > 0, then |f(x)| = f(x) in a neighborhood of xg.
(b) Consider the examples: (i) f(z) =z (i) g(x) = z|z|.

. If f(zo0) > g(x0) then in a neighborhood of g, h(z) = f(z).

1y 2y ky_
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Apply Rolle’s Theorem for g(x) = f(x) — 2% on [0, 1].

(a) Let f(x) = 2z — cos®x + /7. Since f'(z) has no real root, by Rolle’s theorem f(z)
has at most one real root. Now f(0) > 0 and f(—2) < 0. So by IVP there exists a real
solution for f(z) = 0. Therefore f(z) = 0 has exactly one real solution.

(b) Let f(z) = ' — e™® 4 5x + cosz. Observe that f/(z) >0V z € R, f(2) > 0 and
f(=2) < 0. By IVP and Rolle’s theorem f(z) = 0 has exactly one real solution.

(c) Let f(z) = '8 + e™® + 522 — 2cosz. Since f’(z) > 0V z € R, f/(z) has at most one
real root. Note that f(0) < 0, f(2) > 0 and f(—2) > 0. Therefore by IVP and Rolle’s
theorem f(x) = 0 has exactly two real solutions.

. By Rolle’s theorem there exists d € (a,b) such that f’(d) = 0. Again, by applying Rolle’s

theorem for f”, there exists ¢; € (a,d) and ¢z € (d,b) such that f”(c;) =0 and f”(c2) = 0.
Apply Rolle’s Theorem for f” on [c1, co].

. Let p(z) = a1z + agx® + ... + a,2™. Then p(0) = 0 and p(1) = 0. By Rolle’s theorem,

p'(z) = q(z) has a real root.

Let f(a) = f(b) =0 and a < b. Since f'(a)g(a) # f(a)g'(a), g(a) # 0. Similarly g(b) # 0.
If g(x) = 0 has no real solution then h(x) = % is well defined and h(a) = h(b) = 0. By
Rolle’s theorem, there exists ¢ € (a,b) such that h'(c) = 0. That is f/'(c¢)g(c) = f(c)g'(c)
which is a contradiction.

Let g(x) = (f(2))?f(1 — x). Then g(0) = g(1) = 0. Apply Rolle’s theorem for g on [0, 1].

(a) Use P(z) = P(x) — P(xo) and 2* — 2f = (z — x0) (2% + 2F 2o + ... +aah 2 4 271,
(b) Suppose P(z) = (x —x0)Q(x). Then P'(z) = Q(z) + (x — 20)Q'(x). If P'(x¢) = 0 then
Q(zo) = 0. Therefore Q(x) = (v — zp)R(x) for a polynomial R(x) of degree n — 2.

(c) First observe that if z¢ is a zero of P(z) of order k then it is a zero of P'(x) of order

k — 1. Use Rolle’s theorem that between any two real zeros of P(x) there is one real zero
of P'(x).

Observe that f(1) =0, f() = — f(z) and f(%) = f(z) — f(y). Now
f/(l') = lim;,_q w

f(+k)



